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This paper concerns the quantisation of a rigid body in the framework of "co- 
variant quantum mechanics" on a curved spacetime with absolute time. 

The basic idea is to consider the multi-configuration space, i.e. the configuration 
space for n particles, as the n-fold product of the configuration space for one particle. 
Then we impose a rigid constraint on the multi-configuration space. The resulting 
space is then dealt with as a configuration space of a single abstract 'particle'. The 
same idea is applied to all geometric and dynamical structures. 

We show that the above configuration space fits into the general framework of 
"covariant quantum mechanics". Hence, the methods of this theory can be applied 
to the rigid body. 

Accordingly, we find exactly two inequivalent choices of quantum structures for 
the rigid body. Then, we evaluate the quantum energy and momentum operators 
and the 'rotational part' of their spectra. We provide a new mathematical interpre- 
tation of two- valued wavefunctions on SO (3) in terms of single- valued sections of a 
new non-trivial quantum bundle. These results have clear analogies with spin. 
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Introduction 

A covariant formulation of classical and quantum mechanics on a curved spacetime 
with absolute time based on fibred manifolds, jets, non linear connections, cosymplectic 
forms and Frolicher smooth spaces has been proposed by A. Jadczyk and M. Modugno j2Hl 
I2H] and further developed by several authors (see, for instance, |Hl l^0|. IHT|. IH^t IBTl f^Hj ) . 
We shall briefly call this approach "covariant quantum mechanics" . It presents analogies 
with geometric quantisation (see, for instance, (HI 1201 HOI EH E3 H2] and references 
therein), but several novelties as well. In fact, it overcomes typical difficulties of geometric 
quantisation such as the problem of polarisations; moreover, in the flat case, it reproduces 
the standard quantum mechanics, hence it allows us to recover all classical examples (see 
|4*%] for a comparison between the two approaches). 

Here, we discuss an original geometric formulation of classical and quantum mechanics 
for a rigid body according to the general scheme of "covariant quantum mechanics" . Our 
method, based on the classical multi-body and rigid model developed in detail in 
and on the covariant quantum mechanics, seems to be a new approach, which is able to 
unify different cases on a clean mathematical scheme. 

We start with a sketch of the essential features of the general "covariant quantum 
mechanics" following [2HJ EH1 E21 EH] • The classical theory is based on a fibred manifold 
("spacetime") over time, equipped with a vertical Riemannian metric ("space-like met- 
ric"), a certain time and metric preserving linear connection ("gravitational connection") 
and a closed 2-form ("electromagnetic field"). The above objects yield a cosymplectic 2- 
form on the first jet space of spacetime ("phase space"), in the sense of [T^]. This 2-form 
controls the classical dynamics. The quantum theory is based on a Hermitian line bun- 
dle over spacetime ( "quantum bundle" ) equipped with a Hermitian universal connection, 
whose curvature is proportional to the above classical cosymplectic 2-form. This quantum 
structure yields in a natural way a Lagrangian (hence the dynamics) and the quantum 
operators. 

In view of the formulation of classical mechanics of a rigid body in the framework of 
the above scheme, we proceed in three steps |4T?j . 

Namely, we start with a flat spacetime for a pattern one-body mechanics. 

Then, we consider an ra-fold fibred product of the pattern structure as multi-spacetime 
for the n-body mechanics. A geometric 'product space' for n-body mechanics has been 
developed by several authors in different ways (see, for instance, [121 EU HH I2H EH] • In 
particular, our approach is close to that in for the 'rotational' part of the rigid body 
dynamics, it can be easily compared with [23], and is close to [2] for the formulation of 
quantum structures. 

Moreover, we consider the subbundle of the multi-spacetime induced by a rigid con- 
straint as configuration space for the rigid body mechanics. We can prove that this con- 
figuration space fulfills the requirements of the spacetime assumed in "covariant quantum 
mechanics" ; hence, the general machinery of covariant classical and quantum mechanics 
can be easily applied to the rigid body. 
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Next, we proceed with the quantisation of the rigid body. We discuss the existence 
and classification of the inequivalent quantum structures over the rigid configuration 
space. Quantum structures are pairs consisting of a hermitian complex line bundle and a 
hermitian connection on it whose curvature is proportional to the cosymplectic 2-form. It 
turns out that there are two possible quantum bundles: a trivial and a non trivial one. The 
transition functions of the non-trivial bundle are constant, hence both the trivial and the 
non-trivial bundle are endowed with a flat hermitian connection. Such connections can be 
deformed by adding the classical Poincare-Cartan form to produce two non-isomorphic 
quantum structures. 

Then, we evaluate the classical 'translational' and 'rotational' observables of position, 
momenta ad energy and the corresponding quantum operators. 

Finally, we explicitly compute the spectra of the rotational momentum and energy 
quantum operators for all quantum structures, in the case of vanishing electromagnetic 
field ('free' rigid body). The computations existing in the literature for the spectra of a 
rigid body in some special electromagnetic fields can be recovered in our scheme analo- 
gously to the previous procedure by means of the quantum structure associated with the 
trivial quantum bundle (see, for instance, 01211313111131101111111312111231231231211 

The non-trivial quantum structure is an original feature of our paper in the framework 
of covariant quantum mechanics; for a similar result from the viewpoint of geometric 
quantisation, see [SHI- The non-trivial quantum bundle provides a clear mathematical 
setting and interpretation of the double-valued wavefunctions formalism. Indeed, several 
authors have consider double-valued wavefunctions (see, for instance, [3 13 HI1 12H HH H3 
En])- Sometimes [H1III]> these functions have been discarded because they are supposed 
to break the continuity of the quantum rotation operator. However, in our approach, no 
continuity is broken if we allow the existence of a non trivial quantum bundle. Schrodinger 
refused to consider double-valued wavefunctions. But by some authors |37] is was argued 
that the probability density must be single valued, hence double-valued wavefunctions 
must be accepted because their square is single-valued. 

However, the most important contribution on this problem was given by Casimir in 
his Ph.D. thesis [9J. On p. 72 Casimir explains that the two-valuedness is due to the 
non-contractibility of the space of rotations: 

... To a curve connecting £ , r\ , ( , \ with — £ , — r\ , — ( , — x there corre- 
sponds a closed motion that cannot be contracted; it may be changed into a 
rotation through 2n . Accordingly, we may say: the two-valuedness of the £j 
[coordinates on M 4 restricted to S 3 ] , . . . , the possibility of two- valued rep- 
resentations, are based on the kinematical fact that a 27r rotation cannot be 
contracted. 

In our opinion, our non-trivial quantum bundle is a modern topological model imple- 
menting the above features: it appears exactly because the fundamental group of SO (3) 
is Z 2 . 
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As far as we know, in all cases in which the spectrum of molecules has half-integer 
eigenvalues, this value can be attributed to the spin of constituent particles. It means 
that nature chooses always, by a superselection rule, the trivial bundle. On the other 
hand, our scheme foresees the non trivial bundle as another theoretical possibility. Even 
if this one seems to have no actual physical reality, it could be taken as basis for a kind of 
"semi-classical model of spin", by taking into account the scheme of covariant quantum 
mechanics for a spin particle [Sj. Indeed, some authors have considered such a possibility, 
by following other approaches (see, for instance |H1 13 EH Elj)- 

In this paper we compute spectra only with respect to a fixed inertial observer. How- 
ever, as a by-product of the covariant approach to quantum rigid systems, we could 
compute spectra also with respect to accelerated observers. In experiments it often hap- 
pens that spectra come from sources which do not have inertial motion with respect to 
the laboratory. It is customary to add ad hoc terms to the standard Schrodinger oper- 
ator in order to fit most spectral lines. Our framework allows one to obtain covariant 
Schroedinger operators with respect to accelerated frames. Hence, in principle, it should 
be possible to compute explicitly (possibly by means of numerical analysis techniques) 
the spectra. But this issue is left to future investigations. 

In this paper we will not touch the issue of reduction. In particular, it would be in- 
teresting to check if the Guillemin-Sternberg conjecture j22j (see also ^Hj) holds in the 
case of a free rigid body. (We recall that the Guillemin-Sternberg conjecture states the 
commutation between the reduction and the quantization procedures.) In fact, the group 
£0(3) acts as a group of symmetries on a free rigid body. A cosymplectic reduction pro- 
cedure (analogous to the Marsden-Weinstein reduction procedure) could be formulated. 
A similar analysis has been carried out in in order to formulate a geometric prequan- 
tization (see also [22] for similar results under stronger hypotheses). The coadjoint orbits 
of constant angular momentum turn out to be spheres S 2 . It would be very interesting 
to investigate the interplay between the two inequivalent quantum structures of the rigid 
body and the possible quantum structures of coadjoint orbits, especially in view of the 
fact that their topologies are different. But this will be the subject of future work. 

From a physical viewpoint, our model can describe extremely cold molecules. In fact, 
vibrational modes are of great importance in quantum dynamics, unless the temperature 
is extremely low. A different approach to the quantisation of a rigid body is provided 
by the so called 'pseudo-rigid body' [13 EH ED] , by considering a potential with suitable 
wells confining bodies to be near to a rigid constraint. This approach seems to be more 
physical than ours, but it is more complicated. Indeed, we think that our approach can be 
considered a useful model, due to its simplicity. Even in the purely classical description 
of rigid bodies one can follow two ways: i) a more physical but very complicated one, 
by considering forces bounding the constituent particles and by referring to the limit 
case when these forces freeze the distances between the particles; ii) a more ideal and 
much simpler one, by considering the rigid constrained body, regardless of the physical 
origin of the constraint. The scheme of covariant quantum mechanics allows us to apply a 
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viewpoint analogous to the second approach mentioned above to the quantum mechanics 
of a "rigid body" . 

We assume manifolds and maps to be C°° . If M and N are manifolds, then the sheaf 
of local smooth maps M — > N is denoted by map(Af , N) . 
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1 CO VARIANT QUANTUM MECHANICS 



1 Covariant quantum mechanics 

We start with a brief sketch of the basic notions of "covariant quantum mechan- 
ics", paying attention just to the facts that are strictly needed in the present paper. 
We follow [211 EH ESI ESI ESI EH ■ For further details and discussions the reader 
should refer to the above literature and references therein. 

In order to make classical and quantum mechanics explicitly independent from scales, 
we introduce the "spaces of scales" . Roughly speaking, a space of scales has the algebraic 
structure of M + but has no distinguished 'basis'. The basic objects of our theory (metric, 
electromagnetic field, etc.) will be valued into scaled vector bundles, that is into vector 
bundles twisted with spaces of scales. We shall use rational tensor powers of spaces of 
scales. In this way, each tensor field carries explicit information on its "scale dimension" . 

Actually, we assume the following basic spaces of scales: the space of time intervals 
T , the space of lengths L , the space of masses M . 

We assume the Planck's constant h G T* <g> L 2 <g> M . Moreover, a particle will be 
assumed to have a mass m G M and a charge q G T* <g> L 3 / 2 ® M 1 / 2 . 

1.1 Classical scheme 
G.l Assumption. We assume: 

- the time to be an affine space T associated with the vector space T := T (g> M , 

- the spacetime to be an oriented manifold E of dimension 1 + 3 , 

- the time fibring to be a fibring (i.e., a surjective submersion) t : E — > T , 

- the spacelike metric to be a scaled vertical Riemannian metric 

g : E -> L 2 <g> S 2 V*E , 

- the gravitational connection to be a linear connection of spacetime 

K^:TE -> T*E <g> TTE , 

TE 

such that Vfiv'Jcft = and V[-K^]g = 0, and whose curvature i^-R^] is "vertically sym- 
metric" , 

- the electromagnetic field to be a closed scaled 2-form 

F E -> (L 1/2 <g> M 1/2 ) <g> A 2 T*E . 

The spacelike orientation and the metric g yield the spacelike scaled volume form 7] 
and its dual fj . 

With reference to a given particle with mass m and charge q , it is convenient to 
consider the rescaled sections 

G :=^g:E ^T®S 2 V*E and \F : E —> A 2 T*E . 
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We shall refer to fibred charts (x°, x l ) of E , where x° is adapted to the affine structure 
of T and to a time scale u G T . Latin indices i, j, . . . and Greek indices A, /z, . . . will 
label space-like and spacetime coordinates, respectively. For short, we shall denote the 
induced dual bases of vector fields and forms by d\ and d x . The vertical restriction of 
forms will be denoted by the check " v " . 

We have the coordinate expression G = Cr°- uq ® d l ® d? . The coordinate expression 
of the condition of vertical symmetry of is R^xj^ = R^j^ix ■ 

A motion is defined to be a section s : T — > E . 

We assume the first jet space of motions J\E as phase space for classical mechanics of 
a spinless particle; the first jet prolongation jis of a motion s is said to be its velocity. We 
denote by (x x ,x l ) the chart induced on J\E . We shall use the natural complementary 
maps a '■ J\E x T — > TE and 9 : J±E x E TE — > V.E , with coordinate expressions 
A = u°(g)(d + 4 9i) and 9 = (d i - x l d°) <g> $ . We set 9 l = d l - x l d° . 

An observer is defined to be a (local) section o : E ^ J\E . 

An observer o is said to be n</?d if the Lie derivative L[o] g vanishes. 

Let us consider an observer o . 

A chart (x°,x l ) is said to be adapted to o if o l = x % o o = . We obtain the maps 
i/[o] :TE ^VE : X -> X - o j df (A") and V[o] : -> T* <g> V£7 : d - o(e) . We define 
the observed component of a vector i> e Ti2 , to be the spacelike vector u[o] := ^[o](w) . 
Accordingly, if s is a motion, then we define the observed velocity to be the section 
V[o] o j lS : T -> T* <g> 

We define the observed kinetic energy and momentum, respectively, as the maps 

K]p\ := \ G(V[o], V[o]) : Ji^E -> T*£ and Q[o] := 0* o G b (V[o]) : J X E -> T*£ , 

with coordinate expressions /C[o] = | 4 rf° and Q[o] = x J 9 % . 

We define the magnetic field and the observed electric field, respectively, as 

B := \i(F)fj and E[o] := -ojF . 
Then, we obtain the observed splitting 

F = -2dt A E[o] + 2v*[o](i(B)rj) . 

The linear connection JT^ yields an affine connection of the affine bundle J\E — > E , 
with coordinate expression r^jj = T^aV, and the non linear connection ^ := a^ : 
Ji.E — > T* <S> TJ\E of the fibred manifold J\E — > T, with coordinate expression 7^ = 
m° <g> (Sb + 4^ + 7^oo 9?) , where 7V0 := l^Vifc^o + 2K\\x% + i^Vo • Moreover, 

yields the 2-form Vfi := G{y[T^] A 9) : J X E -> A 2 T*J X E. We have the coordinate 
expression ^ = (d* - 7^ d° - l\j fc ) A 9 j , where l\j = x£ + . The 

2-form turns out to be closed, in virtue of the assumed symmetry of R[K^\ , and non 
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degenerate as dt A £r A A is a scaled volume form of J\E . Thus, fi^ turns out to be 
a cosymplectic form. 

There is a natural geometric way to "merge" the gravitational and electromagnetic 
objects into joined objects, in such a way that all mutual relations holding for gravitational 
objects are preserved for joined objects. Later on, we shall refer to such joined objects 
and we can forget about the two component fields, in many respects. In particular, we 

deal with the joined 2-form f2 := + 1 1 F and the joined connection 7 = 7^ + 7 e , 

v 

where Y turns out to be the Lorentz force 7 e = -G'^jF) . 

We obtain dtt = and dt A Q A Q A Q = dt A A A fi 11 . Thus, also turns out to 
be a cosymplectic form. 

The joined 2-form f2 rules the classical dynamics in the following way. 

The closed form f2 admits local "horizontal" potentials of the type A T : J\E — > T*E , 
whose coordinate expression is of the type = — (| — A ) d° + Xq + Aj) d l , 

that is, for each observer o, of the type A^ = — K\o\ + Q[o] + A[o] , where A[o] := o*A^ : 

We define the (local) Lagrangian C[A^] := ^jA^ : JiE — > T*i2 and the (local) mo- 
mentum V[A^'] := e*V E C[A^'] : J X E -> T*£ , with expressions £L4 T ] = (|G°-44 + 

A 4 + A )d° and PL4 T ] = (G°-4 + A) ^ • Indeed, the Poincare-Cartan form = 
C[A^\ + PL4T] associated with C[A^] turns out to be just A^ . 

Moreover, given an observer o, we define the (observed) Hamiltonian 7i[A\o\ := 
—ojA 1 * : JiE — > T*.E and the (observed) momentum V[A\o] := (/[o]jA^ : J\E — > 
T*,B , with coordinate expressions H[A\ 0} = (\ G°- 4 4~A)) d° and "PL4 T , o] = 4 + 
Aj) d l , in adapted coordinates. We obtain also the scaled function o]|| 2 , with co- 

ordinate expression \\V[A\ 0} ||g = G°- 4 4 + 2 A 4 + G o A A> • 

The Euler-Lagrange equation, in the unknown motion s , associated with the (local) 
Lagrangians turns out to be the global equation V[7]jis = 0, that is Vpy^'is = 

7 e o j ± s . This equation is just the generalised Newton's equation of motion for a charged 
particle in the given gravitational and electromagnetic field. We assume this equation to 
be our classical equation of motion. 

1.2 Quantum scheme 

A quantum bundle is defined to be a complex line bundle Q — > E , equipped with a 
Hermitian metric h with values in C <g) A 3 V*E . A quantum section ^ : E — > Q describes 
a quantum particle. 

A local section b : E — > L 3 / 2 £g> Q , such that H(b, b) = 77 , is a local basis. We denote 
the local complex dual basis of b by z : Q — > L* 3 / 2 (g) C . If * is a quantum section, then 
we write locally * = ipb , where if) := z : E ^ L* 3/2 <g> C . 

The Liouville vector field is defined to be the vector field I : Q — > : q 1— > (q,q) ■ 

Lets us consider the phase quantum bundle : = Ji-E x E Q — > J^. 

If {^[o]} is a family of Hermitian connections ofQ^E parametrised by the observers 
o , then there is a unique Hermitian connection ^ of Q T — > Ji-E , such that H[o] = o*"<-L , 
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for each observer o . This connection is called universal and is locally of the type ^T = 
[b] + i A* [b] (gi F , where x [b] is the flat connection induced by a local quantum basis 

b and A^[b] is a local horizontal 1-form of J\E . The map {Hfo]} i— > is a bijection. 
We define a phase quantum connection to be a connection of the phase quantum 

bundle, which is Hermitian, universal and whose curvature is ^[H^] = — 2\Vt ® F . 

A phase quantum connection is locally of the type ^ = x [b] +i A^[b] (g)F , where 
[b] is a local horizontal potential for . 

We remark that the equation dfl = turns out to be just the Bianchi identity for a 
phase quantum connection . 

A pair (Q, H^) is said to be a quantum structure. 

Two quantum bundles Q 1 and Q 2 on 22 are said to be equivalent if there exists an 
isomorphism of Hermitian line bundles / : Q 1 — > Q 2 over E (the existence of such 
an / is equivalent to the existence of an isomorphism of line bundles). Two quantum 
structures H^) and (Q 2 , , are said to be equivalent if there exists an equivalence 
/ : Q x — > Q 2 which maps H T ! into H T 2 . 

A quantum bundle is said to be admissible if it admits a phase quantum connection. 
Actually, the following results holds. 

Let us consider the cohomology H*(E,X) with values in X = M, or X = Z, the 
inclusion morphism % : Z — > M and the induced group morphism i* : H*(E,7j) — > 



The difference of two local horizontal potentials for f2 turns out to be a locally closed 
spacetime form. Therefore, we can prove that the de Rham class [£1]r naturally yields a 
cohomology class [Q] 6 H 2 (E, M) . 

1.1 Proposition. [HI] We have the following classification results. 

1) The equivalence classes of complex line bundles on E are in bijection with the 2nd 
cohomology group H 2 (E,Z) . 

2) There exists a quantum structure on E , if and only if 



More precisely, the first factor parametrises admissible quantum bundles and the sec- 
ond factor parametrises phase quantum connections. □ 

The quantum theory is based on the only assumption of a quantum structure, sup- 
posing that the background spacetime admits one. 

G.2 Assumption. We assume a quantum bundle Q equipped with a phase quantum 
connection ^ . □ 



H*(E,M) . 




3) Equivalence classes of quantum structures are in bijection with the set 



(i 2 ) -1 ^]) x H 1 (E,R)/H 1 (E,Z). 
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All further quantum objects will be derived from the above quantum structure by 
natural procedures. 

We have been forced to assume that ^ lives on the phase quantum bundle because 
of the required link with the 2-form Q . On the other hand, in order to accomplish the 
covariance of the theory, we wish to derive from new quantum objects, which are 
observer independent, hence living on the quantum bundle. For this purpose we follow a 
successful projectability procedure: if — ► J\E is a vector bundle which projects on a 
vector bundle V — ► E , then we look for sections : J\E —> which are projectable 
on sections o : E — > V and take these a as candidates to represent quantum objects. 

The quantum connection allows us to perform covariant derivatives of sections of Q 
(via pullback). Then, given an observer o, the observed quantum connection 
H[o] := o*^ yields, for each section \I/ : E — > Q , the observed quantum differential 
and the observed quantum Laplacian, with coordinate expressions 

V A ^ = (<9 A -iA A )V, 

d (G hk /\a\) 

A ^ = (Gf {d h -iA h )(d k -\A k ) + - °Ji m \ d k - iA k )) ij . 



We can prove that all 1st order covariant quantum Lagrangians jH5 are °f the type 
(we recall that m/h has been incorporated into G and A[o\) 

L[¥] = | (i(^^-^«9o^) + 2A VV' 

- G% (ditfj djifj + Ai Aj $ V) - i A i ($ drf - 8$) + kp ^^) J\g~\ d° Ad 1 Ad 2 Ad 3 , 



where po = Gq Rhi h j is the scalar curvature of the spacetime connection K and k G M is 
an arbitrary parameter (which cannot be determined by covariance arguments). 

By a standard procedure, these Lagrangians yield the quantum momentum, the Euler- 
Lagrange operator (generalised Schrddinger operator) and a conserved form (probability 
current). We assume the quantum sections \I> to fulfill the generalised Schrddinger equa- 
tion with coordinate expression (we recall that m/h has been incorporated into G and 
A[o\) 



So ^ = (V + \ ^j=- - \ i (A + k po) ) ip = 



01 

Next, we sketch the formulation of quantum operators. 

We can exhibit a distinguished Lie algebra spec(Ji-E) C map(JiS, M) of functions, 
called special phase functions, of the type f = f° \ G^ x l Q x J + f 1 Xq + f , where f x , f G 
map(-E, M) . Among special phase functions we have x x , Vj , TCo and \\V\\q . The bracket 
of this algebra is defined in terms of the Poisson bracket and 7 . 

Then, by classifying the vector fields on Q which preserve the Hermitian metric and 
are projectable on E and on T , we see that they constitute a Lie algebra, which is 
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naturally isomorphic to the Lie algebra of special phase functions. These vector fields can 
be regarded as pre-quantum operators Z[f] acting on quantum sections. 



with r e T , are constituted by smooth quantum sections, at the time r , with compact 
support. This infinite dimensional complex vector bundle turns out to be F-smooth in 
the sense of Frolicher ^7j and inherits a pre-Hilbert structure via integration over the 
fibres. A Hilbert bundle can be obtained by completion. 

We can prove that the Schrodinger operator S can be naturally regarded as a linear 
connection of Q — > T . 

Eventually, a natural procedure associates with every special phase function / a sym- 
metric quantum operator f : Q — > Q , fibred over T , defined as a linear combination of 
the corresponding pre-quantum operator Z[f] and of the operator f° S . We obtain the 
coordinate expression (we recall that m/h has been incorporated into G and A[o]) 



The sectional quantum bundle is defined to be the bundle Q — > T , whose fibres Q 



fa=(f-\f h {d h -xA h )-\\ 




For example, we have 



x 



ip = x ip , 



x % ip = x l ij) , 





( 



Gq Ai Aj — i 



2iA%d h -(A + k Po ))i{>. 
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2 Rigid body classical mechanics 

Now, we consider a rigid body and show how it can be quantised according to 
the scheme of the above general theory. 

The configuration space of the classical rigid body is formulated in three steps 
according to 

- we start with a flat "pattern spacetime" of dimension 1 + 3 for the formulation 
of one-body classical and quantum mechanics; 

- then, we consider the n-fold fibred product of the pattern spacetime, equipped 
with the induced structures, as the framework for n-body classical and quantum 
mechanics; 

- finally, we consider the rigid constrained fibred submanifold of the above n— 
fold fibred product along with the induced structures, as the framework for classical 
rigid-body. 

Then, we show that this configuration space fits the general setting of "covariant 
quantum mechanics" sketched in the previous section. Hence, that general scheme 
can be applied to this specific case. 

2.1 One— body mechanics 

Following the general scheme, we start by assuming a flat spacetime for one- 
body mechanics, which is called the pattern spacetime. All objects related to this 
pattern spacetime are called pattern objects 

Let us consider a system of one particle, with mass m and charge q . 

We assume as pattern spacetime a (l+3)-dimensional affine space E , associated with 
the vector space E and equipped with an affme map t : E — > T as time map. 

From the above affme structure follow some immediate consequences. 

The map Dt : E — > T yields the 3-dimensional vector subspace S := £)£ _1 (0) C 
E and the 3-dimensional affme subspace U : = (id[T*] ® Dt) _1 (l) C T* <g> E , which is 
associated with the vector space T* ® S . 

Thus, t : E — ► T turns out to be a principal bundle associated with the abelian group 
S . Moreover, we have the natural isomorphisms TE ~ E x E , VE ~ E x S and 
J X E ~ E xU . 

We assume a Euclidean metric g G L 2 £g> (S* <8> S*) as a spacelike metric. Moreover, we 
assume the connection K* induced by the affine structure as the gravitational connection. 
Furthermore, we assume an electromagnetic field F . 

Thus, we obtain dfl^ = and dF = . Moreover, because of the affine structure 
of spacetime, and F turn out to be globally exact. We denote the global potentials 
(denned up to a constant) for and F by A}* and A e . 

We recall also the obvious natural action of the group 0(S,g) on S . 

A motion s and an observer o are said to be inertial if they are affine maps. Any 
inertial observer yields a splitting of the type E ~ T x P[o] , where P[o] is an affine 
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space associated with S . Any inertial motion yields an inertial observer o and an affine 
isomorphism P[o] ~ S. 

For each inertial observer o , we obtain the splitting = — K,[o\ + Q[o\ + A^[o\ , where 
A\o] E E* is a constant 1-form. 

2.2 Multi-body mechanics 

We can describe the classical mechanics of a system of n particles moving in a 
given gravitational and electromagnetic field by representing this system as a one- 
body moving in a higher dimensional spacetime equipped with suitable fields which 
fulfill the same properties postulated for the standard spacetime. 

In this way, we can use for a system of n particles all concepts and results 
obtained for a one-body. 

2.2.1 Configuration space 

We assume as configuration space for a system of n particles the n-fold fibred 
product of the pattern spacetime, called "multi-spacetime" . Then, the metric field, 
gravitational field and electromagnetic field naturally equip this multi-spacetime 
with analogous "multi" fields. 

Thus, the structure of multi-spacetime is analogous to that of pattern spacetime. 
The different dimension of the fibres in the two cases has no importance in many 
respects; hence, most concepts and results can be straightforwardly translated from 
the pattern case to the multi-case. Indeed, the multi-fields involve suitable weights 
related to the masses and charges of the particles, in such a way that the mechanical 
equations arising from the multi-approach coincide with the system of equations 
for the single particles. 

So, we can formulate the classical mechanics of an n-body analogously to that 
of a one-body equipped with the total mass and affected by the given multi-metric, 
multi-gravitational field and multi-electromagnetic field. 

On the other hand, the multi-spacetime is equipped with the projections of the 
fibred product, which provide additional information concerning each particle. 

All objects related to this multi-spacetime are called multi-objects and labelled 
by the subscript " mu i" . 

Let us consider a system of n particles, with n > 2 , and with masses mi, ... , m n and 
charges q 1 ,...,q n . 

Then, we define the total mass m := J2i m i , the i-th weight fa := rrii/m G M + and 
the total charge q := J2i Q% ■ Of course, we have J2i Hi — 1 ■ 

In order to label the different particles of the system, we introduce n identical copies of 
the pattern objects = E , Si = S , Ui = U , <?j = g , Fj = F , for i — 1, . . . , n . 

We assume the fibred product over T 



E mu i '— Ei x . . . x E. 

T T 
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as multi-spacetime, equipped with the associated projection t mui : E mui — > T as multi- 
time map. 

The affine multi-spacetime E mul is associated with the multi-vector space -E mu i = 
Ei x ... x E n , which turns out to be a principal bundle Dt mu \ : E nm \ — > T , associated 

T T 

with the vector space S mu \ :— Si x . . . x S n . 

The group 0(S, g) acts naturally component-wisely on the vector multi-space S mu \ : = 
Si x ... x 5„. 

Each observer o yields the multi-observer o mu i := (o x . . . x 6) . 
Moreover, we assume the Euclidean metrics 

ftnui := 9i x . . . x n n g n ) and G mu i := f g mui :=(f ^ x ... x ^ j n ) 

as multi-spacelike metric and rescaled multi-spacelike metric, the affine connection and 
the 2-form 

l^ muI :=^x...x and .F mul := F x x . . . x ^ F n ) 

m m 

as multi-gravitational connection and rescaled multi-electromagnetic field. □ 

We define the multi-magnetic field and the observed multi-electric field, respectively, 

as 

i • v 

£>mul : = ^(^"O^mul and £mul[Omul] := — °mul -I ^mul • 

Then, we obtain the observed splitting 

^mui = -2 dt mul A £ mu i[o mu i] + 2 u*[o mu i] (i(B) rj mu ^ . 

We obtain c^ m ui = and c?jF mul = . Moreover, f2 mul and ^ mu i are globally exact. 
The above multi-spacetime and multi-fields yield further several multi-objects anal- 
ogously to the case of the pattern spacetime and pattern fields. 

2.2.2 Center of mass splitting 

Due to the affine structure and the weights of masses, the multi-spacetime 
is equipped with another important splitting, which is related to the center of 
mass. Namely, the multi-spacetime splits naturally into the product of the 3 + 1- 
dimensional affine subspace of center of mass and the (3n — 3)-dimensional vector 
space of distances relative to the center of mass. This splitting will affect all geo- 
metric, kinematical and dynamical structures, including the equation of motion. 

In view of the following definition of center of mass, let us consider a copy E ccn := E 
of the pattern spacetime, referred to as the spacetime of center of mass. 
We define the affine fibred projection of the center of mass 

TTcen : E mu i — > E ccn : e mu i = (ei, . . . , e n ) i-> e ccn , with /ij(e; - e ccn ) = . 
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We can view the space of center of mass also in another way. In fact, let us consider 
the 3-dimensional diagonal affine subspace i dia : E d i a <^-> E mu \ . Clearly, the restriction 
of 7r ccn to E dia yields an affine fibred isomorphism E dia — > E cen . We shall often identify 
these two spaces via the above isomorphism and write i ccn : E ccn <^-> E mu \ . 

Moreover, we define the center of mass space and the relative space to be, respectively, 
the 3-dimensional and the (3n — 3)-dimensional vector subspaces of S mu \ 

Seen := {v mu \ G 5 mu i I Vi = ...V n }, S IC \ := {v mu \ G 5 mu i | = 0}. 

i 

Of course, the natural action of 0(S,g) on S mu \ restricts to a free action on S re \ . 
We set E rcl := T x S rel . 

Then, we obtain the affine fibred splitting over T 

-E'mul - ► -Edia x E re i = E d i a x Srel — E cen X E Ie \ = E ccn X S ve \ \ 
T T 

• C mu l 1 ^ (Ccen? ^rel) ■ ^7I"cen (Cmul) j C mu l ^dia(6ccn)^ • 

We stress that the above splitting yields the natural projections E mu \ — > -Edia and 
-E mu i — > S re \ and the natural inclusion E dia — > E mu i , but it does not yield a natural 
inclusion S TC \ — > E mu i . 

The above splitting yields several other splittings. 

2.1 Proposition. We have the following linear splittings of vector spaces 
E mnl -> E ccn x S rcl : (ux, ...,v n ) ^ (^HiVi, (vx - ^ Vi v i , ■ ■ ■ , v n ~ Yl & ■ 

i i i 

E *mul ^ccn X ^rel : • • • , «n) ^ ( £ <*i , ("l ~ Vl «i) ,••■,«« ~ Vn a i))) " 

i i i 

These splittings turn out to be affine fibred splittings over T orthogonal with respect 
to the rescaled metric Gmui . □ 

The multi-metric g mu \ splits into the product of a metric g dia ~ g ccn of -E dia ~ E cen 
and a metric g rc i of S rc \ . We observe that g ccn = g , in virtue of the equality X)i Vi — 1 ■ 
Therefore, the multi-metric G mu i splits into the product of the metric Gdia — G C cn = j~ 9 
of Edia - E cen and the metric G re i = f g re \ of _E re i . 

The gravitational connection KVui of the multi-spacetime E mu i splits into the product 
of a gravitational connection K^ cen of E cen and of a gravitational connection K\ c \ of 
. The connections K^ cen and K\ e \ coincide with the connections induced by the affine 
structures of the corresponding spaces (because affine isomorphisms between affine spaces 
preserve the connections induced by the affine structures). Moreover, the connections 
-f^cen and K^ei preserve the metrics g ccll and g ie \ . 
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2.2.3 Multi electromagnetic field 

The splitting of the multi-spacetime yields a splitting of the multi-electromagnetic 
field. 

2.2 Proposition. The isomorphism E ccn x 5 rc i — ► -E mu i yields a splitting of jF mul 
into the three components 



•F mul 3~ mul cen <F\ mul rel J~ i mul cen rel 



where 



^mui cen : E mnl -> (L 1 / 2 <g> M 1 / 2 ) ® A 2 T*E cen C (L 1 / 2 ® M 1 / 2 ) <g> A 2 T*E mul , 

^mui rci : #mui -> (L 1/2 <g> M 1 / 2 ) ® A 2 T*S rc i C (L 1 / 2 <g> M 1 / 2 ) <g> A 2 T*E mul , 

•Fmul cen rel : ^mul ~> (L 1/2 ® M 1 / 2 ) ® (T*E ccn A T*S rcl ) C (L 1 / 2 ® M 1 / 2 ) ® A 2 T*E nml , 

according to the following formula 

•^"i mul ccn(6muli ^mub ^mul) ^ ' ^ Fiifiii ^ccn ij ^cen i) j 

mulrel(6muli ^mulj ^ mul) ^ ' ^Fiifiii "rclij ^rel i) 5 

j 

mul cen rcl(Cmuli ^mulj ^mul) ^ ' ^ feen ij ^rel i) "T" ^ ' ~ -^(Cii ^rel ij "U^cen i) j 



i.e. 



•^"i mul cen (^muli ^mulj ^mul) 

= -O(^ccn) XI j£ ^[°]( e i) ' ^ccn[o] + o(w ccn ) ^ & £j[°]( e i) ' ^cen [o] 
i i 

+ Em Bi(ei) ■ (v CCIl [o] x w cen [o]) , 

i 

^mul rel(e mu i; ^mul, Wmul) = Em 5 i( e i) * (#rel i X W re l i) 

i 

•^"i mul cenrel(^mul] ^mub ^mul) 

= -0(v ccn ) m ( e *) ' + S m ^( e *) ' (^ rcl * X ^«m[o] 

i i 

+ o(Wcen) X m ^[°K e i) ' ^reli ~ Yl m ^i( e i) ' (^ rcH X ^cen[o]) • 

for each e mu i G i? mu i and t> mu i = v ccn + v rc i e E mui = E ccn + S re i . 

On the other hand, the inclusion i ccn : E ccn <^-> -Emui yields the scaled the 2-form 

T ceQ := i* cen F mu i = ^ mulcen o i cca : See,, -> (L 1/2 ® M 1 ' 2 ) ® A 2 T*E ccn , 
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given by 

•F cen(Cceii) ^cen; ^cen) ^Fificem ^cen; ^cen) • 

If qi = krrii and F is spacelikely affine, then JF mul cen ~ jF ccn and JF mul cen rel = . □ 
2.3 Proposition. The potential Anui for jF mul splits as 

*4mul v^cen ~b *4rel j where «A C en • -^mul * T E ccn j *4rel • E mn \ * E re \ , 

with Acn(e mu i; Umtd) = E. ™ A(ei5 tJ CCI1! ) and Aci(e mu i; tw) = Ei „ A(e*; ^rcii) • □ 

We stress that, in general, each of the three components of the multi-electromagnetic 
field depends on the whole multi-spacetime and not just on the corresponding compo- 
nents. Hence, in general, the joined multi-connection K mul does not split into the product 
of a joined multi-connection K ccn of E CC11 and of a multi-connection K rc \ of E TC \ . As a 
consequence, in general, the equation of motion of the multi-particle splits into a system 
of equations for the motion of the center of mass and for the relative multi-motion, which 
are coupled. 

However, in the particular case when the pattern electromagnetic field F is constant 
and the charges are proportional to the masses (i.e., = krrii) the mixed term JF cenrel 
vanishes. In this case, the rescaled multi-electromagnetic field JF mul splits truly with re- 
spect to the two components of the multi-spacetime E ccn and S rc \ . Therefore, also the 
joined multi-connection splits with respect to E ccn and S re \ . Hence, the equation of mo- 
tion of the multi-particle splits into a decoupled system of equations for the motion of 
the center of mass and for the relative multi-motion. 



2.3 Rigid body mechanics 

Finally, we achieve the scheme for a rigid body in the framework of "covari- 
ant classical mechanics", by considering a space-like rigid constraint on the multi- 
spacetime and assuming as spacetime for the rigid body the constrained subbundle 
of the multi-spacetime, which is called rigid body spacetime. All objects related 
to this rigid-spacetime are called rigid-body objects and labelled by the subscript 

U ?5 

rig • 

2.3.1 Configuration space 

To carry on our analysis, we need a 'generalised' definition of affine space. Namely, 
we define a generalised affine space to be a triple (A, G, ■) , where A is a set, G a group 
and • a transitive and free left action of G on A . Note that, for every a e A , the 'left 
translation' L(a) : G — > A : g i— > ga is a bijection. 

The generalised affine space A is naturally parallelisable as T A = 7lx5, where q is 
the Lie algebra of G . 

We consider a set {Uj G L 2 | i,j — l,...,n, i ^ j, Uj = Iji, Uk < hj + Ijk} an d 
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define the subsets 

i r jg . E r ig . {fimul G -^mul I ^iji 1 — % *^ J ' — ^} c * -^mul j 

«rot : S'rot : = {^rcl G <S re l | - U,'|| = Zjj, 1 < « < j < Tl] ^ S re l . 

We set E TOt := T x S rot • 

We stress that the rigid constraint does not affect the center of mass. 
The inclusion i rig turns out to be equivariant with respect to the left action of 
0(S,g) , because the rigid constraint is invariant with respect to this group. 

Then, the spacelike orthogonal affine splitting E mui = E ccn x E rc \ = E ccn x S rcl 

T 

restricts to a splitting 

E T [„ E ccn x -E/ ro t E ccn x Sj-Qt . 

T 

Thus, we obtain a curved fibred manifold t lig : E rig — > T consisting of the fibred 
product over T of the affine bundles t cen : -Eccn — > T and t rot : -E ro t — > T , or, equivalently, 
consisting of the Cartesian product of the affine bundle t cen : E ccn — > T with the spacelike 
submanifold S rot C SVei . 

The 1st jet space of E Tig splits as JiE lig ~ (-E ccn x t/ cen) x (T* <g) TS rot ) . 

Each rigid observer o : E ^ JiE , induces an observer o r i g : -E r i g — > J\E T - lg . In 
particular, each inertial observer o G U induces an observer o rig G C/ ccn , which is still 
called inertial. 

The inclusion i rig yields the scaled spacelike Riemannian metric 
£ri g := i r *i g #mui : TE rig x T^^g -> L 2 <g> iR . 

.Erig 

In order to further analyse the geometry of E T - lg , it suffices to study S TOt . 
2.3.2 Rotational space 

The geometry of S TOt depends on the initial mutual positions of particles and is time 
independent. In particular, particles can either lie on a straight line, or lie on a plane, or 
"span" the whole space. This can be formalised as follows. 

For each r rot G 5 rot , let us consider the vector space 

(r ro t) '■= span |(n - r,-) | 1 < % < j < nj C S . 

We can prove that the dimension of this space depends only on S TOt and not on the 
choice of r rot G S r i g . We call this invariant number c ro t the characteristic of <S ro t • We can 
have c rot = 1, 2, 3 . We say that S rot is strongly non degenerate if c rot = 3 , weakly non 
degenerate if c rot = 2 , degenerate if c rot = 1 . 

We observe that the natural actions of 0(S,g) on S rel restricts to S rot . 
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The inclusion i rot turns out to be equivariant with respect to the left action of 0(S, g) , 
because the rigid constraint is invariant with respect to this group. 
The action of 0(S, g) on S ro t is transitive. 

For each v TOt G S ro t , let us call H[r rot ] C 0(S, g) the corresponding isotropy subgroup. 
We can see that: 

- in the strongly non degenerate case the isotropy subgroup if [r rot ] is the trivial sub- 
group {1} ; 

- in the weakly non degenerate case the isotropy subgroup H[r TOt ] is the discrete sub- 
group of reflections with respect to (v TOt ) ; 

- in the degenerate case the isotropy subgroup H[r rot ] is the 1 dimensional subgroup 
of rotations whose axis is (r rot ) ; we stress that this subgroup is not normal. 

Hence, we can prove that: 

- S ro t is strongly non degenerate if and only if the action of 0(S,g) on S ro t is free; 

- S^t is weakly non degenerate if and only if the action of 0(S, g) on S ro t is not free, 
but the action of SO(S,g) on S ro t is free; 

- S TOt is degenerate if and only if the action of SO(S,g) on S ro t is not free. 

Of course, if n = 2 , then S ro t is degenerate; if n = 3 , then Srot can be degenerate or 
weakly non degenerate. 

Furthermore, we can prove that: 

- if S ro t is strongly non degenerate, then S ro t is an affine space associated with the 
group 0(S,g); 

- if S ro t is weakly non degenerate, then S ro t is an affine space associated with the 
group SO(S,g); 

- if S ro t is degenerate, then S ro t is a homogeneous manifold with two possible distin- 
guished diffeomorphisms (depending on a chosen orientation on the straight line of the 
rigid body) with the unit sphere 5 2 (L* ® S,g) . 

So, the choice of a configuration t> rot G S ro t and of a scaled orthonormal basis in S , 
respectively, yields the following diffeomorphisms (via the action of 0(S,g) on S rot ) 

Srot — 0(S,g) ~ 0(3) , in the strongly non degenerate case; 
Srot — SO(S,g) ~ SO (3) , in the weakly non degenerate case; 
S^ot — S 2 — S 2 , in the degenerate case, 

where S 2 C L* <g> S is the unit sphere with respect to the metric g . 

From now on, for the sake of simplicity and for physical reasons of continuity, in 
the non degenerate case, we shall refer only to one of the two connected components of 
Srot • Accordingly, we shall just refer to the non degenerate case (without specification of 
strongly or weakly non degenerate) as to the degenerate cases. 

2.4 Proposition. In the non degenerate case, by considering the isomorphism S ro t — 
5*0(3) , and the well known two-fold universal covering S 3 ~ SU(2) — > 5*0(3) , we obtain 
the universal covering 5 3 — > S rot , which is a principal bundle associated with the group 
Z 2 |21 vol.1]. □ 
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This is in agreement with the fact that the homotopy group of E rot is vol.2] 

m(S tat )=TCi((SO(S,gj)=Z 2 . 



2.3.3 Tangent space of rotational space 

Non degenerate case. The generalised affine structure of <S rot , with respect to the 
group 0(S,g) , yields the natural parallelisation 

TS TOt = S TOt xso(S,g). 

We can regard this isomorphism in another interesting way, which expresses in a 
geometric language the classical formula of velocity of a rigid body. 

For this purpose, let us consider the three dimensional scaled vector space 

F ang := L* <g> S . 

Then, the metric g and the chosen orientation of S determine the linear isomorphisms 
g b : so(S, g) -> L 2 <g> A 2 S* and * : L 2 <g> A 2 5* -> V ang , 
hence the linear isomorphism 

S0(S,g) ~ Vang- 

Therefore, we can read the above parallelization also as 

(2-1) T ang : TSjot — S TO t X V an g . 

The inverse of the above isomorphism 

(2-2) T ang : S ro t X V^ang > TS TO t C S TO t X S le \ 

is expressed by the formula 

(ri, . . . , r n ; a;) h-> (n, . . . , r„ ; wXri,...,wXri), 

where X is the cross product of S defined by u X v := g^(i(u A v) 7)) , where g is the 
metric volume form of S . The above formula is just a geometric formulation of the well 
known formula expressing the relative velocity of the particles of a rigid body through 
the angular velocity. 

Thus, for each (r 1? . . . , r n , v±, . . . , v n ) G TS TOt C S rot x S rc \ , there is a unique to £ 
V ang such that u j = oj x , for 1 < i < n . 

The cross product x of S is equivariant with respect to the left action of SO(S,g) . 
Hence, the isomorphism r ang turns out to be equivariant with respect to this group. 
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The angular velocity of a rigid motion s : T — > E rig is defined to be the map 

W : = ^ang ° TTr mt o ds : T -> T* <g> V ang , 

where 7r rot : E rig — > S TOt is the natural projection map according to section 12. 3. II 

We stress that the above geometric constructions use implicitly the pattern affine 
structure. Hence, the angular velocity is independent of the choice of inertial observers. 
But, the observed angular velocity would depend on the choice of non inertial observers. 

Degenerate case. According to a well-known result on homogeneous spaces, the 
tangent space of S ro t turns out to be the quotient vector bundle 

TS rot = S rot x so(S,g)/h[S Iot ] , 

where h[S TOt ] C S TOt Xso(S, g) is the vector subbundle over S ro t consisting of the isotropy 
Lie algebras of S TOt . 

Now, let us consider again the scaled vector space V ang := L* <g> S and define the 
quotient vector bundle over S rot 

(S rot X V ang )/ ~ , 

induced, for each r rot G S rot , by the vector subspace (r rot ) C V ang generated by r rot . 

Then, by proceeding as in the non degenerate case and taking the quotient with respect 
to the isotropy subbundle, we obtain the linear fibred isomorphism 

fcrng] : TS vot ~ (S ro t X Vang)/ ~ • 

The inverse of the above isomorphism 

bang] 1 : (S ro t x V ang )/ ~ — > TS ro t C S ro t X S mu i 

is expressed by the formula 

(r b . . . , r n ; [u]) h-> (r h . . . , r n ; u X n, . . . , u X n) , 

where the cross products a; X r, turns out to be independent on the choice of representative 
for the class [u] . 

Thus, for each (ri, . . . , r n , Di, . . . , v n ) G TS TOt C S rot x S re i , there is a unique [a>] G 
(Srot x V ang )/ ~|(n,...,r„) sucn tnat fj = X rj , for 1 < z < n. 

Clearly, each choice of the orientation of the rigid body yields a distinguished fibred 
isomorphism 

TS ro t ^ TS 2 (L*®S,g). 
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2.3.4 Induced metrics 

The multi-metric of S mu \ induces a metric on S ro t , which can be regarded also 
in another useful way through the isomorphism r ang . 

Even more, the standard pattern metric of V ang induces a further metric on 
S TO t , which will be interpreted as the inertia tensor. 

The inclusion i rot yields the scaled Riemannian metric 

0rot : = KotQrel : TS Iot X TS Iot ~> L 2 <g) M . 

We can regard this metric in another interesting way, which follows from the paral- 
lelisation through V ang . 

For this purpose, the patter metric g can be regarded as a Euclidean metric of S 

9 ■ V'ang x V ang -> M . 

We can make the natural identifications 0(V ang ,g) ~ 0(S,g) . 

Therefore, the isomorphism r ang allows us to read g rot as the scaled fibred Riemman- 
nian metric 

°" := r ang* #rot = S rot X ( V ang X V ang ) -> L 2 <g) iR 

0- — T-ang* Srot = (^ot X V ang )/ ~ ) X (S rot X V ang )/ ~ ) -> L 2 <g> iR , 

$rot 

respectively, in the non degenerate and in the degenerate cases. Its expression is 
(2.3) cr(ri, . . . , r n ; w, u/) = ^ (g(r i: n) g(uj, uj') - g(r h uj) g(n, uj')) 

i 

a(ri,...,r n ; [w], [c</]) = (#(r;, r<) #(u;, u/) - s-(n, w) u/)) , 

respectively, in the non degenerate and in the degenerate cases. 

In the degenerate case, the above expression can be also written as 

a(r u ...,r n ; [oj], [uj'}) = g(u,u') ^ /i; #(r i? r;) , 

i 

where uj and uj' are the representatives of [uj] and [uj 1 ] orthogonal to the r^s . 

Then, we obtain a further metric. In fact, the metric g of V ang can be regarded as a 
fibred metric over S rot , which will be denoted by the same symbol, 

g : 5 rot X (V^ X Vang) -> M 

g : (s rot x V ang )/ ~ ) x (s rot x V ang )/ ~ ) -> iR, 
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respectively, in the non degenerate and in the degenerate cases, according to the equalities 

g(n, . . . ,r„; u, J) = g(u,u') 
g(r u ...,r n ; [u], [w']) = g(w ± , u' ± ) , 

where u± and are the components of uo and u/ orthogonal to . 
Then, we obtain the further unsealed Riemannian metric of S TOt 

°rot ■= r a * ng <? : T5 rot x T5 rot -> iR. 

Srot 

All metrics of jS rot considered above are invariant with respect to the left action of 
0(S,g). 

2.5 Proposition. In the non degenerate case, the choice of a configuration r rot e S ro t 
and of a scaled orthonormal basis in V ang , respectively, yields the following diffeomor- 
phisms (via the action of SO( V ang , <?ang) 011 S TOt ) 

S rot ~ SO(V ang ,s ang ) ~ 50(3), 

which turn out to be isometries with respect to the Riemannian metrics a rot , — \ k ang and 
— \ kz , of Srot , Vang and 5*0(3) , where A; ang and A; 3 are the Killing metrics. 

PROOF. The above diffeomorphisms yield the linear fibred isomorphisms 

TS rot ~ so(V ang ,g ang ) ~ so(3). 

On the other hand, the natural isomorphism so(V ang7 g ang ) — * V ang is metric. Hence, in virtue of 
the definition of er ro t , the isomorphism TS rot — so(V ang , ffang) turns out to be metric. 

Moreover, the metric g an g of V^ang turns out to coincide with the metric — \ k ang of so(V ang , g ang ) ■ In 
fact, we have g ang (u),u)') = —\ tr((wx) o (u/x)). By a standard argument, the isomorphism 
So(V ang ,g ang ) — So(3) turns out to be metric. QED 

In a similar way, we can prove the following result. 

2.6 Proposition. In the degenerate case, the choice of a configuration r rot e S rot and 
of a scaled orthonormal basis in V ang , respectively, yields the following diffeomorphisms 
(via the action of SO(V ang , g) on S mt ) 

'-'rot — ^ang — ^ ' 

which turn out to be isometries with respect to the metrics <7 ro t of S rot , the metric g 
of (induced by the inclusion S 2 ^ C V ang ) and the metric g-i of S* 2 (induced by the 
inclusion S 2 C M 3 ).n 
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Inertia tensor. The fibred metric g of S mt allows us to regard the fibred metric a 
of S rot as a scaled symmetric fibred automorphism 

a : 5 rot -> L 2 ® (V^ g x F ang ) . 

The scaled metric ma , or the scaled automorphism m <r , are called the inertia tensor. 
The scaled eigenvalues of the inertia tensor are called principal inertia momenta and are 
denoted by Jj G map(/S , rot , L 2 <g> M <g> M) . Indeed, the principal inertia momenta turn out 
to be constant with respect to S rot . 

In the non degenerate case, we have three principal inertia momenta. Then, three 
cases can occur: 

I := I\ — I 2 — I3 , spherical case, 
I := Ix = I 2 ^ I 3 , symmetric case, 
Ii 7^ I2 7^ -^3 7^ h , asymmetric case. 

In the degenerate case, we have two coinciding principal inertia momenta 

I ■= h = h = J2 m i d(ru n) . 

i 

In the spherical non degenerate case and in the degenerate case, we have 

2.4 g mt = — a. 

m 

Thus, we have studied the diagonalisation of a with respect to g . In an analogous 
way, we can diagonalise g TOt with respect to a rot . Indeed, in this way we obtain the same 
eigenvalues and the same classification, because the two diagonalisations are related by 
the isomorphism r ang . 

The principal inertia momenta are related to the scalar curvature of the rotational 
space in the following way. 

2.7 Proposition. The scalar curvature of S rot , with respect to the metric G rot , is 

m 

sph. non deg. case, with / := Ii = I 2 = I3 , 
sym. non deg. case, with I := I 2 = I3 , 

h (if + ll + 

, asym. non deg. case, 

2 1 1 h h 

deg. case, with I :— Ix — I 2 . 



Prot 
Prot 

Prot 
Prot 
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Moreover, since the splitting E lig = E ccn x S Iot is orthogonal, the vanishing of the 
scalar curvature p yields p rig = p rot . □ 

2.3.5 Induced connection 

The multi-connection of the multi-spacetime induces naturally a connection on 
the rigid configuration space, which splits naturally into the center of mass and 
relative components. 

We can easily state the following generalisation of a well known theorem due to Gauss 

EH- 

2.8 Lemma. Let us consider a fibred manifold p : F — > B equipped with a vertical 
Riemannian metric gp and a linear connection Kp of F , which restricts to the fibres of 
F — ► B and preserves the metric gp ■ 

Moreover, let us consider a fibred submanifold G C F over B and the orthogonal 
projection ttq '■ TF\g — > TG induced by gF . 

Then, there exists a unique linear connection Kq of G , which restricts to the fibres of 
G — > B and such that, for every pair of vector fields X, Y of G , we have ttg{'V[Kf]xY) = 
V[Kg]xY ■ Moreover, this connection Kg preserves qg ■ □ 

According to the above Lemma, the connection K* mv & of E mu \ yields a linear connection 
K\i g of E rig , which preserves the time fibring and the metric g T - lg . 

Moreover, according to a standard result due to Gauss, the connection K xe \ of S Te \ 
induces a connection x\ ot on S TO t , which coincides with the Riemannian connection 
induced by g Iot . 

2.9 Proposition. By considering the splitting E Tig = E ccn x S mt , the connection 
-fT^rig splits into the product of the connections K^ cen and x^ rot . 

Proof. We have the splitting K^ mu i = K^ ccn x K\ c \ . Moreover, the splitting ^ mu i = E ccn x S re \ 
is orthogonal with respect to the metric g mu \ , hence the projection 7Tf; rig splits into the projections 
Emui — > -Eccn and E mu \ — > S le ] ■ 

Hence, K\i g splits into the product of the connections K^ cen and yc mt . QED 

2.3.6 Induced electromagnetic field 

We analyse the pullback of the multi electromagnetic field on the rigid space- 
time. This is a 2-form on a 1+6 dimensional manifold in the non degenerate case 
and on a 1+5 dimensional manifold in the degenerate case. We can express this 
2-form in terms of the pattern electric and magnetic fields. 

We can decompose this form into three components: the center of mass compo- 
nent, the rotational component and the mixed component. In the particular case 
when the mixed component vanishes and the other two components depend only 
on the center of mass and rotational variables, these two components coincide with 
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the pullback of the multi electromagnetic field with respect to the center of mass 
and rotational projections. 

Indeed, we can prove that the pullback of the multi-electromagnetic field on 
the rigid spacetime provides the suitable electromagnetic object for the correct ex- 
pression of the classical law of motion (in the context of our formulation of classical 
mechanics of a rigid body interpreted as a classical particle moving in a higher 
dimensional spacetime) . 

Therefore, we shall assume this pullback also as the correct object for our for- 
mulation of quantum mechanics of a rigid body. 



Non degenerate case. Let us start by studying the non degenerate case. 

2.10 Proposition. The inclusion i Tig : E rig = E ccn x S TOt E mu \ yields the scaled 
2-form 

•Fiig • ^rigF mul j 

which splits into the three components 

F rig F rig cen ~\~ F rig rot F rig ccn rot j 

where 

•Frig cen = #rig ~> ® M 1/2 ) <g> A 2 T*E ccn 

Frig rot : #rig ~> ® M 1/2 ) <g> A 2 T*S rot 

F rig ce „ rot = #rig ~> (L 1/2 ® M 1 / 2 ) ® (T*£ ccn A T*S rot ) , 

according to the following formula 

F rigccn(Crigi ^rig; ^rig) ^ ' ~ Fj f Cj , fcen i j ^cen i ^ 

j 

F rigrot( e rigi "^rig? w rig) = ~; Fi(&i] w X Tj, ^ X 7"j^ 

i 

Fj rig ccn rot(Crigi "^rig; ^rig) ^ ] ^ Fi^ej, f C en i; V' X '"i) "I - ^ ' ^ra Fj^6j, W X Tj, "U7 ccn j^j , 

i i 

for each 



(e r i g , frig) (Cceri) ri, . . . , r n ; t> cen + u X r x H h a; X r n ) e Ti2 rig , 

(e r i g , 1f r ig) = (Cceri) n, . . . , r n ; w cen + 4> X n H Xr„)e T£ rig , 
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i.e. 



i 

+ J2m ^( e i) ' (^cen[o] X W ccn [o 

i 

F r i gIot (e rig ; Wrig, U> r ig) = ^ m (^( e i) ' T i) (i U X ' T 

i 

Frig cen rot(e r i g ; V rig , W lig ) = m ^i[ K e <) ' (V ~ X T i) 

i 

(-Bj(ei) • r rot (y CCTl [6\ ■ if) 

i 

~J2m (Bi( e i) ■ W ) (^ccn[o] • r rot 
i 

+ S m (^i( e *) ' r rot i) (w ccn [o 



If qi = krrii and F is spacelikely affme, then JF rigccn ~ jF ccn and F rig cen rot = . □ 
2.11 Proposition. The potential A T - lg ■= i* ig A mu \ for T xlg splits as 
^4 ■ = A ■ 4- A ■ * where ^4 • T*i<7 ^4 ■ * • K ■ — > T**?* 

^ng ^ng cen ~ ^rig rot j wiicic vT-rig cen • J -'rig r -«■ -•-'cen j ^rig rot • J -'rig r -«■ j 
with »4.ccn(Crig) ^rig) = 12i ^ ^(^rig i] V cen j) and v4 re l(Grigi frig) = X/j ^ ^4j(Crig ij ^rot i) • C 

Degenerate case. The degenerate case can be studied in a similar way to the non 
degenerate one. 

Here, we just provide, as an example, an explicit description of a dipole, consisting of 
2 particles with opposite charges in a constant electromagnetic field. In this case, we have 

F rig cen(^l, C2i "^rig; ^rig) ^ ' ^ F(v cen , ^ccn) 

i 

•Frig rot (ei,e 2 ; Vri g ,w rig ) = ^ F(w rot 1; w Iot i) - ^ ) 2 F(v Iot i, w rot i) 

= «l^fKotl,Wrotl) 

= 2 qi ^^B-(v Iotl xw Iotl ) 

F rig C en rot(ei, e 2 ; V Tig , W Tig ) = ^ F(^ cen i, lUrot l) - ^ F^cen 2, W rot 2 ) 

+ ^ F(v rot 1, Ween l) - ^ i^rot 2, W cc „ 2 ) 

= £ i^cen 1, ^rot l) + ^ £ ^ccn 1, ^rot l) 
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= 2 £ £[o] • K en v TOt - t; c cn w rot 0) 

+ 25- #(^ rot i X W ce n[o] + Wrot 1 X V cen [o\) 



2.3.7 Spacetime structures 

The previous results suggest a model for the classical mechanics of a rigid body 
completely analogous to our one-body scheme. 



We assume the fibred manifold t Tig : E Tig — > T as rigid-body spacetime. Moreover, 
we assume the metric g r jg := 2* ig g mu i as the spacelike metric, the metric G r jg = 7f <7rig as 
the rescaled spacelike metric, the connection i^ r i g = i^cen 

the gravitational 

connection, the 2-form .F rig := i* ig ^"mui as the rescaled electromagnetic field, and the 2- 
form y ^.jg as the unsealed electromagnetic field. 

The joined cosymplectic 2-form n rig induced by the above gravitational connection, 
the unsealed electromagnetic field and the rescaled metric coincides with the puliback 

^rig i ^mul • 

Hence, f2 rig turns out to be a globally exact cosymplectic 2-form. 
The velocity space of E rig splits as 

~ (E ccn x U ccn ) x (T* ® TS rot ) . 



An inertial observer o yields the further splitting E ccn = T x P[o] cen • 
Given an inertial observer o, we shall refer to a spacetime chart (x°,x l ,x a ) adapted 
to the observer and to the center of mass splitting. Here, indices i,j will label coordinates 
of P[o] ccn and a, (5 will label coordinates of S TOt (e.g., Euler angles). 

2.3.8 Dynamical functions 

Here, we discuss the momentum and Hamiltonian functions and their splitting 
into the translational and rotational components. 

Let us choose a horizontal potential A\ ig for f2 rig and an inertial observer o. 
They yield the rigid momentum and Hamiltonian 

Prig := v[o] j^ rig : J\E Tlg — > T*E rig , H lig := —o_>A\ ig : J\E Tlg — > T*E rig , 

which split as 

^rig ^ccn ~\~ T^rot j ^rig ^ccn "I - ^rot j 

where 

-p ■ LE- —>T*E V t • LE ■ ^T*E + 

' cen • "l- t -'rig - 1 -^ceri > ' rot • "l-'-'rig -*■ J -'rot 5 

-iy . T rp rri* jp nj . j jp rp* jp 

'l-cen • "l-'-'rig - C/ ccn 5 ''-cen • rig - C/ rot • 
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We have the coordinate expressions 

-D — r< j , A T> -r ,0 -r /3 -U4 

' cen j ^cen ij -^0 ~ ^cen i ; ' rot a '- T rot a/3 ' ^rot a ; 

ni — 1 c i j _ a n-/ — i n a J3 _ a 

i 1-cen — 2 ^cen ij ^0 x ^cen > ' L rot — 2 °rot a/3 "^Cl x ^rot • 

Clearly, P cen and P rot can be identified with the angular momentum of the center of 
mass and the angular momentum with respect to the center of mass, respectively. 
In the general case they are coupled and not conserved. 

In the particular case when F — , they are conserved and we obtain the decoupled 
expressions 

' cen • "l-'-'cen ± J -'cen ; ' rot • "l- t -'rot ± J -'rot i 

q_j . j rp rp* jp nj . j jp rp* jp 

'l-cen • <Jl I - J cen 1 J-'cen j ''-cen • "1 J-'rot 1 J-'rot • 
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3 Rigid body quantum mechanics 

In the previous chapter we have described the classical framework of a rigid 
body in analogy with the framework of a constrained one-body. Then, we approach 
the quantisation of the rigid body according to the scheme of "covariant quantum 
mechanics" , by analogy with the case of a one-body. 

We define quantum structures, analyse their existence and classify them. Then, 
we evaluate the quantum operators and compute the spectra of the energy operator 
in some cases. 

3.1 Quantum structures 

First, we analyse the existence and classification of quantum structures according to 
Proposition 11.11 

The existence condition of the quantum structure is fulfilled due to the exactness of 

rig : 

[fi] = e i 2 (H 2 {E, Z)) C H 2 (E, M) ~ H 2 (J ± E, M) . 
So, we have just to compute all possible inequivalent quantum structures. 

Non degenerate case. Let us start with the non degenerate case. 

3.1 Proposition. We have just two equivalence classes of complex line bundles over 
E Tig . Clearly, one of these classes is the trivial one. Indeed, both of them admit quantum 
connections. 

Proof. The 2nd cohomology groups of -E r ; g are 

H 2 (E lig ,Z) ~ tf 2 (S rig ,Z) ~ H 2 (SO(S,g),Z) ~ Z 2 , 
H 2 (E ris ,R) ~ H 2 (S ris ,lR) ~ H 2 (SO(S,g),R) ~ {0}. 

Then, according to ProDOsition ll.il the equivalence classes of complex line bundles are in bijection 
with H 2 (E T i g , Z) = Z2 and the equivalence classes of quantum bundles are in bijection with (i 2 ) ([f2]) = 
O' 2 )- 1 ^) = Z 2 .QED 

We can produce two concrete representatives for the above equivalence classes of vector 
bundles in the following way. 

3.2 Lemma. The two inequivalent representations of Z2 on C yield the trivial Her- 
mitian line bundle Qtot an d the non trivial Hermitian line bundle Q~ ot , equipped with 
flat Hermitian connections xtot an d Xrot , respectively. 

These bundles admit an atlas with constant transition maps and the above flat con- 
nections have vanishing symbols with respect to this atlas. 

Proof. Let us consider the two inequivalent representations of Z 2 on C 

p + (l)=l, and p~(l) = l, p~(-l) = -l. 
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Then, the quotient of the trivial Hermitian line bundle Q mt — S 3 x C — > S 3 with respect to the 
above actions of Z2 yields, respectively, the associated trivial and non trivial Hermitian line bundles over 

S'rot 

Q+ t = S 3 x C and Q mt =S 3 xC. 

p+ p- 

Moreover, the natural flat principal connection of the principal bundle S 3 — > SO (3) yields two flat 
Hermitian connections xtot an d Xrot on Qrot an d Qrot > respectively. QED 

3.3 Proposition. The pullback with respect to the projection E Tig — > S rot yields a 
trivial and a non trivial Hermitian line bundle 

Qtig ~^ Erig an d Qrig ~^ E Tig , 

which are equipped with the pullback flat Hermitian connections xtig an d Xri g ? respec- 
tively. □ 

3.4 Theorem. Let E r i g be non degenerate. Then, the only inequivalent quantum 
structures are of the type (Q^g, ^Hg) an< ^ (Q^rigi ^rig) > w ^h 

^ g = X T i 9 + i ^h 9 ® I T and ^- ng = x^Hg + i A^ g ® I T , 

where x^tig iX^Hg are the pullbacks ofxtigiXrigi an d A^ ig ,A^~ g are two global horizontal 
potentials for Q . 

Proof. According to Proposition ll.il inequivalent quantum structures are in bijection with the set 
(* 2 ) _1 ([nrig]) x H 1 (E lls ,M)/H 1 (E llg ,Z)=Z 2 x {0}. 

More precisely, the 1st factor parametrises admissible quantum bundles and the 2nd factor paramet- 
rises quantum connections. QED 

In the following, we will specify the two possible trivial and non trivial cases by the 
superscripts + or — only when it is required by the context. 

Degenerate case. Next, we analyse the degenerate case, following the same lines 
of the non degenerate case. 

3.5 Proposition. We have countably many equivalence classes of complex line bun- 
dles with basis E r - lg and just one equivalence class of quantum bundles. Namely, this is 
the trivial one. 

Proof. The 2nd cohomology group of E T i g is 

H 2 (E lis ,Z) ~ H 2 {S Hg ,Z) ~ H 2 (S 2 ,Z) ~ Z 
H 2 (E lig ,M) ~ H 2 (S lig ,M) ~ H 2 (S 2 ,R) ~ M. 

Then, according to Proposition ll.il the equivalence classes of complex vector bundles are in bijection 
with H 2 (E I - lg , Z) ~ Z and the equivalence classes of quantum bundles are in bijection with (i 2 )" 1 ^]) = 
(z 2 )- 1 (0) = {0}.QED 
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3.6 Theorem. Let E rig be degenerate. Then, the only quantum structure is of the 
type (Q rig , H T „ g ) , with 

^ ■ — ■ -I- i A 1 * ■ 56^ 
x ng A ng > 1 ng <y 11 j 

where rig ^ s the pullback of Xng an d ^ ng is a global horizontal potential for Vt rig . 

Proof. According to ProDOsition ll.il inequivalent quantum structures are in bijection with the set 

(i 9 )" 1 ^]) x H\E rig ,lR)/H 1 (E rig ,Z) = {0} x {0} . 

More precisely, the 1st factor parametrises admissible quantum bundles and the 2nd factor paramet- 
rises quantum connections. QED 

Distinguished representatives. In both non degenerate and degenerate cases, the 
following facts hold. 

3.7 Proposition. Let us consider a global observer o : E rig — > JiE rig . 

The form — /C r i g [o] + Q r ig[o] turns out to be a global horizontal potential for . 

Then, in the particular case when F = , we can choose a representative of the 
quantum structure (Q rig , ^rig) in each equivalence class, such that ^4 r i g [o] = . 

Hence, the quantum differential turns out to be just the covariant differential V[x r i g ] 
associated with the flat connection(s) Xrig and the observed quantum Laplacian turns out 
to be just the (spacelike) scaled Bochner Laplacian A[x r i g , Prig] of the quantum bundle 
induced by the flat connection(s) Xrig and the (spacelike) metric g rig . □ 

3.8 Proposition. The Hermitian quantum bundle can be written, up to an equiva- 
lence, as the fibred complex tensor product over T 

Qrig = Qcon ® Qrot > 

where Q cen — ► E cen is a Hermitian (trivial) quantum bundle over E cen and Q rot — > E rot 
is a Hermitian quantum bundle over E rot . □ 

Accordingly, each quantum section \l/ ri g can be written as a finite sum of tensor prod- 
ucts of the type \l/ cen <g) \& rot , which represent quantum states with decoupled center of 
mass and rotational modes. 

3.2 Quantum dynamics 

Now, we apply the machinery of "covariant quantum mechanics" to each one of 
the above three possible choices of quantum structures. 

We will not repeat the whole procedure, but only sketch the main differences 
between the one-body case and the rigid body case. As one can expect, the most 
remarkable facts are due to the splitting E r - lg = E ccn x S rot . 

The approach will be formally similar in the three cases, but the equations will 
provide different results, as we will see in the next section. 
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Let us consider any one of the three cases of quantum structures discussed in the 
previous section. 

Thus, let us consider the quantum bundle Q Tig — > E Tig and the phase quantum con- 
nection H^jg . 

We have the splitting into coupled translational and rotational components 
A\i g = ccn + A 1 ' rot , with A 1 ' cen : JiE r i g — > T*E ccn , A^ rot : J\E xlg — > T*E TOt . 
The above splitting yields several other splittings. In particular, we can write 

o o o 

A rig = A ccn + A rot and S r i g o = Seen o + S ro t o > 



where 



A ccn ip — Cccn o' {^i ~ i A ccn j) (dj — i A ccn j) H (dj — i A cen j) ip , 



ccn | 



o „ d a (G ro t \/ 1 ^7rot ) 

A rot ip = G TOt q 1 (d a - i A rot a) (dp - i A mt p ) + ==L (dp - i A rot p) ip , 



fi'rotl 



9q y | g C en \ 

Seen 1p = {d - i A ccn o + 5 J = ) 4> , 



\9c 



— 1 \ I firot I \ 

Srot i> = (~i ^rot 2 / + 2 A ccn + 2 ( A rot + k p m t o)J ^ • 



fi'rotl 



The Lie algebra of special phase functions spec( JiE r - lgl M) has two remarkable sub- 
spaces, namely spec( JiE cen , M) and spec( JiE rot , M) . These subspaces turn out to be 
subalgebras in the case when jF rig is decoupled with respect to E ccn and S TOt . In this 
case, we have "translational" and "rotational" observables. 

If /ccn £ spec {J\ E ccn , M) and / rot G spec( JiE TOt , M) , then we have the coordinate 
expressions 

/cen = /ccn 2 ^ ccn ij X X /ccn ^cen ij Xq + /cen j 
/rot = /rot \ G T ot a/3 X X + /rot ^rot q/3 ^0 + /rot • 



The associated quantum operators are 



/cen ^ = (/ccn ~ V | Ojf^ ~ X P ccn (dj - i A ccn j) - \ / c ° cn A cen ) V , 

/rot ^ = (/rot - t \ ^/rot ~ [ /rot ~ i ^rot a) ~ \ /rot Aot + fc Prot o)) ^ • 
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In particular, we have the following special phase functions 

x°, 4en £ spec( JiE ccn , M) , e spec( Jl.Brot, , 

^ccn j , ||^cen|| 2 € Spec( Jl-E ce n, R) , ^rot a , H^rotf € Spec( JlE mt , R) , 
^ccn 

G spec( Ji-B ccn , iR) , H rot o G spec( Ji^ rot , M) . 
and the associated quantum operators 



- — - • - — ■— ■ 9j y g ccn | 

X ien ^ = X 1 ^, V ccn j 1p — i (dj + 2 ) ^ , 

V |<7cen| 

7~tcen ^ = ( _ I ^ccn ~~ ^ccn o) ^ j 



X ?ot i> = X rot i> , ^rot a $ = ~X (9 a + \ ^ ) 1p , 

T-Crot lp = ( - | A rot o + fc Prot - ^rot j ^ , 



and 



lS5o ^ = (Gcin ^ccn i ^cen , " i (<9^cn + 2 - i A ccn h )) - A ccn ) V 

|^Jo V> = (Girt ^rot a ^rot /3 ~ V (<9 a A? ot + 2 (9 a - i A Tot Q )) - A rot - fc p rot ) ^ 
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4.1 Angular momentum in the free case 

In this section, we analyse the implementation of angular momentum for a rigid 
body in the framework of covariant quantum mechanics. We start by recalling the 
relevant facts concerning angular momentum in covariant classical mechanics. In 
this case it is well known that angular momentum appears as a conserved quantity 
of systems which are invariant under rotations. More precisely, in these systems the 
angular momentum can be interpreted as a momentum map for the action of the 
rotation group. If we assume that this momentum map takes values in the special 
functions then we associate with every element of the Lie algebra of the rotation 
group a quantum operator and we get in this way a Lie algebra representation whose 
Casimir is the square angular momentum operator. 

In the present paper we restrict ourselves to the case when F — , although our 
results are valid in greater generality. The reader is referred to (SBj for further details on 
symmetries in covariant classical mechanics. 

We consider the following group actions 

SO(S,g) x (T x S rot ) - T x S rot : (A, (r,r)) ^ (r,A(r)) . 

We would like to find the invariance of the dynamical structures with respect to the 
above action. To this aim, we choose a global potential . We observe that A^ splits 
into the sum A^ = A\ en + A\ ot in an obvious way. 

4.1 Proposition. The group SO(S,g) is a group of symmetries of the potential 
A\ ot . Moreover, the momentum map induced by the action of SO(S, g) is just the total 
angular momentum with respect to the center of mass. 

Proof. In fact, A' xo t reduces to the kinetic energy of particles with respect to the center of mass. 
It is not difficult to prove that it is invariant with respect to orthogonal transformations (see ^2])- We 
have the momentum map 

J : so(S,g) -» C°°{J\{T x S ro t)) : u h-> J(w) = to* a V mt . 

Here, to* : S rot — > TS Iot : r uj(r) ; moreover, J\(T x S TO t) — T x T* ® TS rot ■ It is easy to show that 
uj* o P Iot (v) = G Iot (uj{r),v) , where v 6 T* ® TS lot ■ We have the coordinate expression 

m = (Grot) VoKr 

The Hodge star isomorphism yields a natural Lie algebra isomorphism so{S,g) ~ L" 1 (g> S sending 
the Lie bracket of so(S,g) into the cross product. In this way, if uj 6 so(S,g) and u> E L _1 ® S is the 
corresponding element, then we can equivalently write 

J : h- 1 ® S -> C°°(Ji(T x S^t)) : w ^ J(fi) = G IeX (r Xv,to). 

This proves the last part of the statement. QED 
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The map J takes values into the space of special functions since J(oo) is a linear 
function of velocities for each uj G so(S,g) . Hence, it makes sense to consider the lift of 
J{uj) to a quantum operator. 

More precisely, by a composition of the momentum map with the lift of quantum 
functions to quantum operators we obtain the following representation of the Lie algebra 
50{S,g) 

J : so(S, g) -> Op(Q, Q):uj^ J(cu). 
If we consider a global observer o : E r - lg — > JiE l[g then according to 32 we have 

J{u) = i (X[j(w)) j V[o] + | div,, X[J(w)]) + J(oo)[o] 

but J(u;)[o] = and div^ X[J(u;)] = since G® ot is a left invariant metric and X[J(u;)] is 
the fundamental vector field associated with uj G $o(S,g) . Therefore 

J(uj) =iX[J(uj)]jV[o\. 

Let us consider a basis {tui, 0^2, ^3} of the Lie algebra so(S,g) which be orthonormal 
with respect to the metric <7 rot (recall that cr ro t is isometric to — | ^3 , where k^ is the 
Killing metric of SO (3)). 

4.2 Definition. The square angular momentum operator J 2 is h 2 C , where C is the 
Casimir of the Lie algebra representation J : so(S,g) — > Op(Q, Q) , thus 

J 2 = h 2 C = h 2 (7(uh) o 7(u>ij + J^) o Jiuzj + Jiusj o J(cjj^) . □ 

4.3 Note. The differential operator C is exactly the pullback to Q of the Bochner 
Laplacian A[x ro t] of the line bundle Q rot — > S TOt with respect to the connection Xrot of 
Q rot and the Riemannian metric <r rot of S TOt . □ 

4.2 Energy in the free case 

In this section, we assume the simplifying hypothesis that the electromagnetic 
field vanishes. In such a case, the Schrodinger equation splits into the two decoupled 
Schrodinger equations for the center of mass and rotations. Clearly, the first one is 
trivial. So, we concentrate our attention just on the rotational Schrodinger equation. 

We evaluate the spectra of rotational Hamiltonian for both non degenerate (for 
trivial and non trivial quantum bundles) and degenerate cases. 

In this section, we assume F — . 

Moreover, we shall refer to a global inertial observer o : E Tig — ► JiE Tig and to a 
representative of the quantum structure (Q rig , ^rig) in the unique equivalence class, such 
that ^4 r ig[o] = , according to Proposition 13.71 

Thus, let us consider the quantum bundle Q TOt — > S rot , which may be trivial or not, 
and the associated sectional quantum bundle Q TOt — > T . 
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Let us consider the quantum Hamiltonian operator 

Urot = ~~ \ (Arot o + k Pmt o) , 

where, according to our choices, 

A rot o = AfXrot, G r ° ot ] = AfXrot, § 9rot] 

turns out to be just the (unsealed) metric Laplacian associated with the flat connection 
X and the Riemannian metric G® ot . We stress that A[G° ot ] does not depend on the choice 

o 

of an observer, as S TOt is spacelike, while A rot o depends on the choice of the observer o , 
which yields ^4 r ig[o] = . Thus, the above equality holds just for that observer. 

4.4 Lemma. pag.145.] Let (M, g) — > (M, g) be a Riemannian covering. Then, 
the eigenfunctions of the Laplacian A[g] are the projections on M of the projectable 
eigenfunctions of the Laplacian A[g] . Moreover, we have Spec A [g] C Spec A [g] .□ 

4.5 Lemma. Let (M, g) — > (M, g) be a Riemannian covering. Let Q — > M be a 
complex line bundle obtained as quotient of the trivial line bundle Q := M x C , with 
respect to the equivalence relation induced by the covering. Moreover, let us suppose that 
the bundle Q — > M is equipped with a flat connection \ obtained as quotient from the 
trivial flat connection % °f the bundle Q — > M . Let us consider the Bochner Laplacians 
A[%, g] and A[%, g] of Q and Q, respectively. Then, the eigensections of the Laplacian 
A[x, g] are the projections to sections of Q — > M of the projectable eigensections of the 
Laplacian A[x,^] . Moreover, the corresponding eigenvalues are the same. □ 

4.6 Lemma. pag.159,160.] Let (S n , g) C (M n+1 , g) be the standard sphere. Then, 
we have Spec A[g] = {\d = —d (d+n—1) \ d > 0} . Moreover, the eigenspace Hd associated 
with Xd consists of the restrictions to S n of harmonic homogeneous polynomials of degree 
d of M n+1 . We have dim H d = ( n+ J~ 2 ) (^r 1 ) • □ 

By Lemma 14.51 we can identify the Casimir operator C , which acts on sections of 
the line bundle Q TOt — ■> S rot , with an operator C acting on functions on S 3 . One can 
prove (see [HH1 Lemma 7]) that C = \A[g] where A[g] is the Laplacian of the standard 
Riemannian metric of S 3 . Thanks to Lemma 14.61 we have 

4.7 Theorem. The spectrum of J 2 is 

Spec(J 2 ) = {Mj + l)}, 

where j G N in the trivial case and j G | N in the non trivial case. 

The complex multiplicity of the eigenvalue j(j + 1) is (2j + l) 2 . 

The eigensections with eigenvalue j(j + 1) are the projections to Q rot — > S rot of the 
restrictions to S 3 of homogeneous harmonic complex polynomials in M 4 of degree 2j in 
the trivial case and of degree 2j + 1 in the non trivial case. □ 
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4.8 Theorem. Spherical, non degenerate case. The spectrum ofH rot0 is 

Spec(CTo) = {Ej = ^j(j + l) + k^f}, 

where j GN in the trivial case and j G \ N in the non trivial case. 
The complex multiplicity of the eigenvalue Ej is (2j + l) 2 . 

The eigensections of Ej are the projections to Q rot — ► S rot of the restrictions to S 3 of 
homogeneous harmonic complex polynomials in IR 4 of degree 2j in the trivial case and of 
degree 2j + 1 in the non trivial case. 

o 

Proof. We restrict our attention to -|A ro to, since the contribution of the scalar curvature is 
obvious. 

In virtue of Proposition 12.51 and formula 12. 4f) . we have an isometry S rot — > 50(3), with respect 
to the metrics G rot o = 9mt — ^ „ a rot an d — \ j- k 3 , respectively. Hence, the standard two-fold 
Riemannian covering S 3 —> SO(3) yields a two-fold Riemannian covering S 3 — > S TO t , with respect to the 
metrics — | g% and G ro t o = <?rot , respectively, where g% is the metric induced on S 3 by the Killing 
metric of SU(2) via the natural identification S 3 ~ SU(2) . 

We recall that Q rot can be obtained from the trivial bundle S 3 x C — > S 3 by a quotient (see Lemma 

If <? is the standard metric of the sphere then one has — | 53 = 4 g . Therefore, the Theorem follows 
from Lemma l4.4l Lemma l4.5l and Lemma l4.6l by taking into account that the eigenspace Ttd is projectable 
on Q mt if d is even or odd in the trivial case or in the non trivial case, respectively. QED 

4.9 Corollary. Spherical, non degenerate case. The eigensections with eigenvalue Ej 
are eigensections of the square angular momentum operator with eigenvalue f^jij + 1) • 

4.10 Lemma. Let us consider a symmetric rigid body. Let (Xi, X 2 , X 3 ) C V ang be 
an orthonormal basis, with respect to g , where X± has the direction of the symmetry 
axis. 

The corresponding basis (denoted by the same symbol) of TS rot turns out to be left 
invariant and such that G° ot (Xj, JQ) = . 
Then, we obtain 

A rot = A[ Xrot , G° Iot ] = hc+(^-^)(x 3 ^[xrot] o x 3 jvy) , 

where X 3 j Vfxrot] is regarded in a natural way as a differential operator acting on sections 
of Q ro t • 

Proof. We can write 

A[Xrot, G° mt ] = A (X x j V[ X rot]) 2 + f (X a j V[ Xrot ]) 2 + A (X 3 ^ V[ X rot]) 2 . QED 
n H J3 

We say that an eigenvalue depending on two parameters has arithmetical degeneracy 
if it can be obtained from different pairs of values of the parameters. 
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We note that complex polynomials in M 4 can be regarded as complex polynomials in 
the variables (21,22,21322) [SHI pag.169]. 

4.11 Theorem. Symmetric non degenerate case. The spectrum ofH rot o is 

spec(CTo) = = I i(j + 1) + 1 (j 3 - j) i 2 + kh (H - A)| ) 

where j 6 N and I 6 Z in t/te trivial case and 2j G N \ 2N and 21 £ Z \ 2Z m £/je non 
trivial case. 

In case that there is no arithmetical degeneracy, the multiplicity of the eigenvalue Ejj 
is 2(2 j + 1) . 

Eigensections of Ejj are the projections to Q rot — > S ro4 0/ complex homogeneous har- 
monic polynomials in R 4 of degree p in Zi and degree q in Zi, with p + q = 2j , such that 
X 3 has eigenvalue I on them. 

Proof. The result can be obtained in the same way as Theorem 14.81 by using the above Lemma 
and the fact that the operators A[x rot , G> ot ] and (Xl j V[xrot]) commute [HE]- 

Of course, the eigenvalues of (X\ j V[xrot]) 2 are square integers and square half-integers on S 3 . QED 

4.12 Corollary. Symmetric non degenerate case. The eigensections with eigenvalue 
Eji are eigensections of the square angular momentum operator with eigenvalue ti^jij + 
1)'. 

Arithmetical degeneracy can occur if 13/(13 — I) G Q. In this case, we could have 
Ej t i = Ej> t i> for some j 7^ j' or I ^ I' . See |HB| for more details about the computation and 
the multiplicity of eigenvalues and eigensections. 

4.13 Note. Let us consider the asymmetric non degenerate case. 

There is no general solution for the spectral problem, but just a general method by 
which finding the solution in each case. Namely, it is possible to restrict the Laplace 
operator to p + q + 1-dimensional subspaces H p,q of harmonic complex polynomials of M 4 
which are of degree p in Zi and degree q in z^ , restricted to S 3 . 

The eigenvalue problem is solved by finding the root of the characteristic polynomial, 
which is of degree p + q + 1 . Of course, the complexity of this problem increases with p 
and q . See [58J for more details. □ 

For the sake of completeness, we mention also the following more standard result [Sj, 
which follows directly from Lemma f4. 61 

4.14 Theorem. Degenerate case. The spectrum of7i rot Q is 

Spec(H rot 0) = {Ej = j(j + 1) + k h j } , 

where j G N. 
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The multiplicity of the eigenvalue Ej is (2j + l) 2 . 

Eigensections of Ej are the harmonic complex polynomials in IB? restricted to S 2 of 
degree 2j . □ 

In this case, the system is again invariant under rotations and admits a momentum 
map which can be interpreted as the angular momentum. Proceeding in a similar way as 
above we get 

4.15 Corollary. Degenerate case. The eigensections with eigenvalue Ej are eigensec- 
tions of the square angular momentum operator with eigenvalue ft 2 , j(j + 1) . 

4.3 Spectra with electromagnetic field 

If the electromagnetic field does not vanish the computations of the spectra 
might become quite hard. However, specific problems can be faced. 

Here, we sketch typical evaluations, with reference to the literature, showing how 
they can be rephrased in our framework. Indeed, our non trivial bundle structure 
opens a possible geometric interpretation of the 'two-valued' wavef unctions, which 
seems to be closely related to spin. 

4.16 Example. (Stark and Zeeman effects.) The energy spectrum of a charged rigid 
body rotating in a constant external electric, or magnetic field can be computed in our 
framework along the lines of the previous section. The results fit the computations in 
coordinates that can be found in the literature [23 HOI EH EZ] , but provide also a math- 
ematical framework for the half-integer part of the spectrum (which is usually discarded 
by invoking mathematical reasons). 

For example, the energy eigenvalue equation in [23] can be reproduced by means of the 
analysis of the electromagnetic field acting on a rigid system performed in section 12.3.61 
In the case of trivial quantum bundle, the computation of the spectrum can be rephrased 
word by word in our scheme. In the non trivial case, one should use half-integer values 
of angular momentum and repeat exactly the same computations. 

In order to include in our scheme the anomalous Zeeman effect for a rigid body with 
spin rotating in a constant magnetic field, one should implement the spin in our covariant 
quantum mechanics according to [B] . □ 

4.17 Example. (Magnetic monopole) . Let us consider a rigid body with a fixed point 
at which a monopole is located. In this case we consider as electromagnetic pattern field 
the field generated by the monopole. The main difference with the other examples of 
electromagnetic fields considered before is that the cosymplectic form Q defines a non- 
trivial cohomology class. Therefore Q does not admit global potentials. However, after 
lifting all the structures to S 3 (which is a fibration over S rot in both the non degenerate 
and degenerate cases), the quantum bundle becomes trivial and the computations are 
performed very much in the same way as for the free rigid body. Another difference is 
that the fixed point in the rigid body reduces the degrees of freedom to the rotational part. 
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Therefore, in this case the analysis of the rotational part gives a complete description of 
the rigid body. 

One of us [SB] gave an exact solution to the spectral problem of a rigid rotator in 
a magnetic monopole field. We just recall that a magnetic monopole is a magnetic field 
which is proportional to the radial vector field in three-dimensional space. 

Here follows the spectrum of the energy operator in the case of a symmetric rigid 
body: 

Spec(^) = fa = ^JU + 1) + \ (i - 1 ) Z 2 - u M I + f o H + kp mt o} , 

where j > , —j < I < j , j,l are integers, for the trivial quantum bundle, or half-integers, 
for the non trivial quantum bundle, v is the magnetic charge of the monopole and q is 
the center of charge of the monopole |58j . □ 
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